The environmental dark matter mass around clusters is investigated by taking into account dark haloÈcluster correlations. We Ðnd that while the surrounding dark matter signiÐcantly increases the lensing ampliÐcation factor as compared to that caused by foreground clusters only, the total enhancement factor for background QSOs still remains quite insufficient to explain the observed strong QSOcluster associations. E †ects of the environmental matter on the cluster mass estimates through the inversion of weak-lensing distortions of background galaxies are also studied. For relatively small clusters, the existence of the environmental dark matter would lead to an overestimate of the cluster mass, whereas for large clusters, their mass would be underestimated.
INTRODUCTION
Gravitational lensing is the most plausible reason for the observed correlation between high-and low-redshift objects (Fugmann 1990 ; Bartelmann & Schneider 1992 , 1993a , 1993b Benitez, Martinez-Gonzalez, & Martin-Mirones 1997 ; Bartsch, Schneider, & Bartelmann 1997 ; RodriguesWilliams & Hogan 1994 ; Seitz & Schneider 1995 ; Rodrigues-Williams & Hawkins 1995 ; Wu & Han 1995) . It has been known for a long time, however, that the lensing ampliÐcation caused solely by foreground objects (galaxies or clusters of galaxies) is too weak to explain the observed strong associations. As a result of galaxy-galaxy, galaxycluster, and cluster-cluster correlations, there are excess numbers of galaxies and clusters of galaxies around foreground objects. Quantitative calculations have shown that the contribution to the lensing ampliÐcation by the environmental mass from surrounding galaxies and clusters of galaxies is still far less than needed to account for the observational results (e.g., Schneider 1989 ; .
Compact dark matter halos have been invoked as lenses to explain the appearance of multiple quasars with large angular separations (Narayan & White 1988 ; Jaroszynski et al. 1990 ; Cen et al. 1994 ; Kochanek 1995 ; Hawkins 1997 ; Wambsganss, Cen, & Ostriker 1998) . Weak-lensing e †ects by large-scale structures of dark matter along lines of sight have also caught attention recently. Observations have revealed signiÐcant coherent distortions of galaxies around projected locations of several high-redshift quasars (Fort et al. 1995 ; Schneider et al. 1998) . Since there are no detected clusters in the foreground, the observed shear signals are likely the (biased) cosmic shear caused by inhomogeneous distributions of the dark matter along lines of sight (Schneider et al. 1998) . There have been studies to analytically estimate the cosmic shear of background galaxies induced by large-scale structures in the universe (e.g., Jain & Seljak 1997 ; Kaiser 1998 ; Bartelmann & Schneider 1999) . If galaxies are indeed (biased) tracers of the underlying dark matter, excessive large-scale structures around galaxies due to the galaxyÈdark matter correlation should contribute to QSO-galaxy associations. Bartelmann (1995) computed the large-scale-structureÈinduced QSO-galaxy correlations using the linear power spectrum of dark matter massdensity Ñuctuations. Recently, similar studies were carried out for nonlinear density perturbations (Dolag & Bartelmann 1997 ; Sanz, Martinez-Gonzalez, & Benitez 1997) by invoking the nonlinear power spectrum of density Ñuctua-tions in model calculations (Peacock & Dodds 1994) . At angular scales of several arcminutes, nonlinear e †ects give rise to signiÐcant QSO-galaxy correlations, which are roughly an order of magnitude higher than the linear results.
In this paper, we study the weak-lensing e †ect of largescale structures of dark matter on QSO-cluster associations. Instead of using the nonlinear power spectrum to directly calculate the QSO-cluster correlation, we adopt the method of . We consider dark matter to be in the form of dark halos of di †erent size. Because of the dark haloÈcluster correlation, there should be excessive dark matter halos around foreground clusters. By approximating the density proÐle of dark halos as a singular isothermal sphere, we can calculate the corresponding dark mass around clusters, and furthermore the lensing ampliÐcation and the enhancement factor for background QSOs. The advantage of this approach is that, as noted above, the surrounding dark mass can be estimated directly. Not only can we study the e †ect of dark matter on the QSO-cluster correlation, but we can also estimate the inÑuence of the environmental dark matter on the estimate of cluster mass calculated through weak-lensing distortions of background galaxies.
There are numerical simulations to scrutinize this projection e †ect (e.g., Cen 1997 ; Reblinsky & Bartelmann 1999 ). In particular, Wu et al. (1997) numerically studied the QSOcluster correlation caused by large-scale structures of dark matter, and found only a minor number enhancement of QSOs around foreground clusters. However, these simulation results could be compromised by limited numerical resolutions. Our analytical approach does not su †er this resolution problem. In addition, we can incorporate di †er-ent cosmological models relatively easily and analyze the impact of various cosmological parameters on weak-lensing e †ects induced by large-scale structure, keeping in mind the qualiÐcations of certain simpliÐed assumptions.
The rest of the paper is organized as follows. Section 2 presents the formulation on which our analyses are based. In°3 we study particular models. Discussions are given in°4
. Throughout the paper, the Hubble constant is taken to be km s~1 Mpc~1. H 0 \ 50
FORMULATION
The two-point correlation function between a dark halo with the top-hat smoothing radius, and a cluster at redr 0 , shift is represented by where r is the proper z c m dc (r, r 0 , z c ), distance between the dark halo and the cluster. Since the correlation length is much shorter than the cosmological distance to the cluster, we ignore the redshift di †erence between the dark halo and the cluster (cf. Peebles 1980) . It then follows that
where a is the scale factor at (the present scale factor z c and are the coordinate distances of the dark a 0 \ 1), x d x c halo and the cluster, respectively, and g is the separation between the dark halo and the cluster in the cluster plane. By the same approximation, the volume element with g in the range (g, g ] dg) can be written as
Within this volume, the excess number of dark halos with the top-hat smoothing scale is then given by r 0
where is the comoving number density of dark n(r 0 )dr 0 halos, is the proper number density of [n(r 0
because of the sharply peaked behavior of the correlation function (cf. Peebles 1980) . Let m(g, be the mass contribution from a dark g 0 , r 0 ) halo with a smoothing radius at g to the projected area r 0 within around the cluster. The total mass contribution to g 0 this area around the cluster due to dark halos with ng 0 2 various sizes and at various locations is
To compute m(g, we assume a singular isothermal g 0 , r 0 ), sphere for the density proÐle of dark halos. Then the surface mass density of a dark halo is given by
where is the velocity dispersion. To avoid an inÐnite p v mass, a cuto † radius of is introduced, which is related to g f the mass M of a dark halo by
The mass of a dark halo with a top-hat smoothing radius r 0 is where is the current mass density of M \ (4n/3)o 0 r 0 3, o 0 the universe, and thus
where is the density parameter of the universe, and the ) 0 relation has been used. For
where the angular parameter is
(2.12)
The correlation function is modeled as (cf. Bardeen et al. 1986 )
where and are the bias factors for dark halos, b d
, b g , b c galaxies, and clusters, respectively ; is the autocorrelation m o function of density Ñuctuations ; and is the two-point m gc correlation function between galaxies and clusters. By deÐn-ing the total mass contribution
where is the smoothing radius satisfying r 0 (x) g f (r 0 ) \ x. Hence, the average surface mass density, within the area & 1 , due to surrounding dark halos is ng (Press & Schechter 1974 ; Kochanek 1995 ) is employed to estimate the number density of dark halos. It is assumed that density Ñuctuations smoothed over a top-hat comoving scale are Gaussian, r 0 with an rms linear overdensity (at the present time) of *(r 0 ). If we denote as the critical overdensity that can cold c (z) lapse at redshift z, the comoving number density of dark halos with top-hat smoothing radius is r 0 14) where the relation between the mass M and for the r 0 top-hat smoothing, namely, has been M(r 0 ) \ (4n/3)o 0 r 0 3, used, and is related to the power spectrum,
where W (x) is the Fourier transform of the top-hat smoothing function,
(2.16)
For the critical overdensity, we adopt the result d c (z), from the simple spherical collapse model. For a universe without the cosmological constant, is related to the d c (z) density parameter, and the redshift, z, by
where
(2.18) and
We assume that a dark halo collapses and virializes to form a singular isothermal sphere with a velocity dispersion and a three-dimensional cuto † radius The velocity 20) and the cuto † radius, is, by the relation r f ,
Note that is related to the two-dimensional cuto † radius r f by g f g f \ (2/n)r f . In the limit of one has the following relations :
With the prescriptions given above, one can calculate & 1 for speciÐc cosmological models. The lensing ampliÐcation factor k can be estimated by approximating the dark matter distribution as a uniform sheet with a surface mass density (Schneider, Ehlers, & Falco 1992) , 22) where the critical surface mass density is given by
where and are the angular-diameter distances D s , D c , D cs from the observer to the source, from the observer to the lens (the cluster), and from the lens to the source, respectively. The angular-diameter distance from us to an object at redshift z is given by (cf. Schneider et al. 1992 ) (2.24) and the angular-diameter distance from an object at to z 1 an object at is z 2
The total ampliÐcation factor, including the central cluster of galaxies, is 26) where is the distance to the cluster center at the lens g 0 plane, and is the velocity dispersion within the cluster. p c The enhancement factor, q, of QSOs around foreground clusters is (Narayan 1989) 27) where N(S) is the cumulative surface number density of QSOs with Ñux larger than S, and the 1/k factor takes into account the area distortion by the gravitational lensing e †ect. For a power-law number density distribution, N(S), modeled as 28) where the power-law index b is assumed to be independent of the QSO redshift, q is simply
For a cold dark matter universe, the power spectrum of the linear density Ñuctuation Ðeld can be written as (e.g., Efstathiou, Bond, & White 1992)
where a \ (6.4/!)h~1 Mpc, b \ (3.0/!)h~1 Mpc, c \ (1.7/ !)h~1 Mpc, l \ 1.13, h is the Hubble constant in ! \ ) 0 h, units of 100 km s~1 Mpc~1, B represents the perturbation amplitude, and n is the power index, taken to be n \ 1.
With equations (3.1) and (2.15), one can get the *(r 0 ), density Ñuctuation averaged over the smoothing window, W . We will use the top-hat smoothing function throughout
where is in units of h~1 Mpc, and is the biasing factor
For and 0.2, we Ðnd that can be described ) 0 \ 0.5 *(r 0 ) by the following Ðtting formulae : Figure 1 , we plot from equations (3.2)È(3.4) for *(r 0 ) along with the results calculated directly from equab 8 \ 1, tion (2.15). We see that equations (3.2)È(3.4) give rise to very good approximations for *(r 0 ). We use equations (3.2)È(3.4) together with the formulae in the preceding section to calculate the additional dark matter surface density, around clusters due to clusterÈ & 1 , dark halo correlations.
We apply the galaxy-cluster correlation function (cf.
where the correlation length is h~1 Mpc, and the r gc describes the evolution of the correlation function (e.g., Koo & Szalay 1984 ; Shepherd et al. 1997) . For v \ 0, the clustering is stable in physical coordinates. With v \ c [ 3, the clustering is Ðxed in comoving coordinates. For b d (r 0 , z c ), we adopt the biasing factor given by Bardeen et al. (1986) , namely,
where is the average density perturbation within *(r 0 , z c ) r 0 at redshift
In the linear regime, we have z c .
The galaxy bias factor is approximated by (Bardeen et al. 1986 )
where SlT is the average height of dark matter density perturbation peaks that host galaxies, and is the smoothing r g radius corresponding to galaxies.
In Figure 2 , we show versus h,
where the redshift of the cluster is the source z c \ 0.2, redshift is and One can see that approxz s \ 2, b 8 \ 1. & 1 (h) imately follows the power-law relation of the twodimensional angular correlation function of clusters, but with a power index slightly smaller than 0.8. Assuming the same clustering evolution (that is, the same v value) and the same bias factor, the dark matter surface density is b 8 , approximately proportional to In order to satisfy obser-) 0 . vational constraints, e.g., the cluster abundance, however, the normalization factor B of the power spectrum, or equivalently is dependent on Furthermore, the evolution b 8 , ) 0 .
FIG. 2.ÈPlot of vs. h (in arcminutes), with source
and cluster redshift and a bias factor for all
of the correlation function also depends on cosmological models. For the structure clustering should still be ) 0 \ 1, dynamically active at present, and a strong evolution for the correlation function is thus expected. For an open universe, the dynamical clustering activity would be relatively quiet at low redshifts, and the correlation function changes mildly from, say, redshift z D 0.2 to the present epoch. Figure 3 shows with di †erent values of for
b 8 di †erent models according to the relation b 8 1 ) 0 0.56 \ 0.57 (e.g., White, Efstathiou, & Frenk 1993) . We see that di †er-ences in between the three models are reduced to
) 0 should be even weaker or may even be reversed by taking into account the di †erent evolution of the correlation function for di †erent cosmological models.
For di †erent contributions to from di †erent-sized dark & 1 halos, we vary the lower cuto † smoothing radius for the three models with 
for optimal multiband-selected sources (Bartelmann & Schneider 1992) , the corresponding enhancement factors q are 1.24, 1.18, and 1.16. For comparison, we show in Figure 6 the ampliÐcation factor k with the same parameters as in Observationally, the actually measured quantity is the average q factor within around a cluster, namely, h 0
where is the minimum accessible angular distance to h min the cluster. From equations (2.26) and (2.29), is approxq6 imately
Hb~1 , (3.9) where Equation (3.9)
.12 and D1.2 for b \ 2.5 and 3.5, respectively. Our results for q6 are larger than estimates from the existing numerical simulations (Wu et al. 1997 ), but are still smaller than the observed enhancements.
Up to now, the environmental dark matter has been treated as being smoothly distributed in a disk. In reality, the distribution can be lumpy, which should increase the lensing ampliÐcation as lights closely passing by dark matter clumps. The e †ect of the compactness of the environmental dark matter distribution can be evaluated as follows (Schneider, Ehlers, & Falco 1992) . Let be the average p w (k) probability density of the ampliÐcation factor k over a solid angle w. Then the average enhancement factor due to the q6 d environmental dark matter is
where '(l, is the luminosity function of QSOs such that z s ) the comoving number density of QSOs at redshift with z s the luminosity greater than is S L \ l(c/H 0 )2 (H 0 /c)3'(l, z s ), is the Ñux limit of a sample, the area A(z) \ 4nD2(z)(1 ] z)4, and is the average ampliÐcation factor over the solid SkT w angle w. For a uniform disk, with SkT w \ SkT \ (1 [ i)~2, and is modeled as
where the compactness parameter, is the fractional dark f c , matter mass that is in the form of compact clumps. For the luminosity function ', one cannot use a single power-law distribution as in equation (2.28), because k can be very large in the integral, such that S/k can be lower than the break Ñux, Let us now consider an optically selected S B . sample. The luminosity function ' can be written as (cf. Schneider et al. 1992 ) (3.12) where C is a constant, and is the Ñux corres 4 S/S B , S B sponding to the break of the source counts, which occurs at the apparent magnitude of
The values of b and a m B B 19.2. are chosen as b \ 2.6 and a \ 0.8. Then, for s [ 1, and SkT \ s, we have
(3.15)
In the regime of weak lensing with and q6 d
[ 1 > 1 q6 c where is the average enhancement factor due to [ 1 > 1, q6 c the central cluster, the total average enhancement factor within h can be approximated by
We show versus h in arcminutes in Figure 7 . The model q6 parameters are 
and For the QSO catalog q6 ( f c \ 1) q6 ( f c \ 0). used by Rodrigues-Williams & Hogan (1994) , *m \ 0.7. The observed on the angular scale of D50@ is D1.7, which q6 is considerably larger than our theoretical result. In fact, independent of speciÐc lensing models, the maximum q6 from gravitational lensing can be estimated theoretically by using the optimal in equation (3.10) (cf. We now turn to the cluster mass estimate from weaklensing e †ects. The environmental dark matter, con-& 1 (h), tributes to weak distortions of background galaxies, and thus a †ects the cluster masses determined by weak lensing (Kaiser & Squires 1993) . From the inversion of weak distortions, the projected mass within radius is given by g 0 (Fahlman et al. 1994 )
where is the total average surface mass density p6 (g \ g 0 ) within and is the total average surface g 0 , p6 (g 0 \ g \ g max ) mass density within the annulus Let be g 0 \ g \ g max . & 1 c the average surface mass density of the real cluster ; then
and
We use the singular isothermal sphere to describe the cluster density proÐle ; then
Therefore,
If stands for the true mass of the cluster, then the weak-M c 
hoc example indicates that the biasing e †ect toward massive clusters still may not fully explain the observational results. The existence of lumpy structures in the distribution of the environmental dark matter tends to increase the value, q6 but these increases are not yet sufficient to account for the observed strong QSO-cluster correlations. On the other hand, because of the small number of observed QSOs, it is difficult to guage their background surface number density properly, and thus the observed high q factor may not be as signiÐcant as it appears (e.g., Seitz & Schneider 1995) . There are other observational issues to be further explored (e.g., Wu et al. 1997) .
We have shown in this paper in a very clear manner (cf. eq. [3.18] ) that theoretically, the cluster mass estimated from the weak-lensing e †ect is not always a lower bound to the real cluster mass. For relatively small clusters, the estimated mass is higher than the real one. Even though the real cluster density proÐle and the distribution of its surrounding dark matter are much more complex than a singular isothermal sphere and a uniform sheet can represent, the relation of and from our simpliÐed analyses M/M c M c agrees qualitatively with the simulation results of Reblinsky & Bartelmann (1999) . Since distortions of background galaxies are easily detected around very massive clusters, the cluster mass determined observationally could indeed be an underestimate. However, if the observed large enhancement of QSOs around foreground clusters is true and is caused by the gravitational lensing of large-scale structures not yet fully understood, the same large-scale structures would have a severe e †ect on the cluster mass determination from weak-lensing analyses. In principle, the cluster mass inferred from the strong-lensing e †ect should also be a †ected by the environmental dark matter, particularly because there is no subtraction involved in the mass estimate procedure. However, the strong lensing can only occur at very central regions of very heavy clusters, and we therefore expect negligible strong lensing e †ects from the environmental dark matter as compared to those caused by massive clusters themselves.
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